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CLASSIFICATION OF THE RELATIVE POSITIONS BETWEEN
A HYPERBOLOID AND A SPHERE
M. BROZOS-VA´ZQUEZ M.J. PEREIRA-SA´EZ M.J. SOUTO-SALORIO ANA D.
TARRI´O-TOBAR
Abstract. We characterize all possible relative positions between a hyper-
boloid of one sheet and a sphere through the roots of a characteristic poly-
nomial associated to these quadrics. The classification is also suitable for a
hyperboloid and a ellipsoid in some situations.
As an application, this provides a method to detect contact between the
two surfaces by a simple calculation in many real world applications.
1. Introduction
Given two arbitrary surfaces, a natural problem is to study how one is placed
in relation with the other and, in particular, if the two of them intersect. The
latter, i.e. the problem of detecting if two surfaces (or, more generally, two bodies)
intersect is referred to in the literature as contact detection. This is a broad prob-
lem of great interest nowadays. Problems of contact detection are found in many
fields such as computer graphics, robotics, computational physics, mechanical sys-
tems in geomechanics, humanoid design in biomechanics, animation and computer
simulated environments among others (see for example [12]).
The contact detection problem between two arbitrary bodies is far too compli-
cated due to the lack of geometric representativity. Thus, in most cases, one uses
models with a geometric description which makes it easier to handle. Quadrics are
geometric entities that issue such a description for a large variety of shapes and
have proved to be suitable. On the one hand, quadrics are interesting by them-
selves in many of the subjects cited above; see, for example, [3], [6], [10], [11], [13],
[15], [17] and [18]. Also, conics are of interest in dimension two and have been con-
sidered in [4] and [5]. On the other hand, quadrics provide a variety of shapes to
approximate more complicated surfaces or to be used as bounding volumes. Many
types of bounding volumes have been proposed and the choice within the bounding
volume hierarchy has a direct impact on the collision detection query for volume
based methods. Because of its simplicity, spheres are the most widely used (see
[8] and [16]). Welzl algorithm to find minimum bounding spheres is presented for
example in [7] and [19].
Generically, the literature about contact detection studies contact between con-
vex bodies. Moreover, most of the proposed algorithms are indeed valid only under
the condition of convexity. Our proposal is, however, to study a situation where
one of the bodies is not convex (the hyperboloid).
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The characteristic polynomial we study here can be defined for any pair of
quadrics and was previously used to analyze the relative position between con-
ics in [5] and [14], or to detect contact of two ellipsoids in [18]. Furthermore, it can
be adapted to the case of two moving ellipsoids [9]. As we shall see presently, by
the analysis of these roots we can detect the relative position of the two quadrics
and see if the two quadrics intersect, if they are tangent or if they do not touch
each other.
In this paper, we give a classification of the relative positions between a sphere
and a general circular hyperboloid of one sheet, providing the complete picture of
all possible relative positions by means of the roots of the characteristic polynomial.
Our approach gives geometric information about some singular positions be-
tween the quadrics, which are represented by multiple roots of the characteristic
polynomial. So, in addition to the techniques of Linear Algebra we come up with a
geometric point of view. Those readers who just want to know the relative position
between a hyperboloid and a sphere only have to solve the characteristic polynomial
and go to Tables I, II or III to get how the quadrics are located.
The remainder of the paper is organized as follows. We start by setting the
context, explaining the problem formally and introducing the ingredients which take
part in it in Section 1.1. Then we state the main results of the paper (Section 2),
that summarize the conclusions of the analysis we will carry out later. These are
Theorem 6, Theorem 10 and Theorem 11. Theorem 6 characterizes general relative
positions between a circular hyperboloid of one sheet and a sphere by means of the
roots of the characteristic polynomial. Corollary 8 and Remark 9 provide a method
to be used in real world situations as an application of the theorem and an specific
example is presented. Theorem 10 and Theorem 11 deal with two special cases
which appear only under certain conditions which depend on the geometry of the
hyperboloid, the sphere and the relation between them. This completes the global
study. Two more examples are given to illustrate how to apply the theorems to
identify the relative positions.
Section 3 is devoted to technical results we will need to prove our main re-
sults. We begin with some remarks on the roots of the characteristic polynomial
in Section 3.1. Along Section 3.2 we study the relations between tangency and
the multiplicity of roots. A technique based on moving a sphere along a contin-
uous path is establish in Section 3.3 and, finally, the last lemmas in Section 3.4
characterize different relative positions between the two quadrics: the non-contact
possible situations and the cases in which the intersection curve has two connected
components. We finish the exposition proving in Section 4 the results stated in
Section 2.
Thus, all the main results and conclusions are concentrated in Section 2, whereas
Sections 3 and 4 are devoted to the more technical results, analysis and proofs.
1.1. Setting the context. We are considering a circular hyperboloid of one sheet.
If it is centered at the origin and given in standard form, its equation is
H : x
2
a2
+
y2
a2
− z
2
c2
= 1 for a, c > 0.
We use the standard notation of projective space to associate a 4×4 matrix to H as
follows. Let X = (x, y, z, 1)t be a generic vector in homogeneous coordinates that
is not at infinity. Then XtHX = 0 is the equation of H with associated matrix H
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given by
H =

a−2 0 0 0
0 a−2 0 0
0 0 −c−2 0
0 0 0 −1
 .
When considering the problem of detecting contact with the hyperboloid we do not
assume this is centered at the origin and in standard form, but the study of this
case is enough for our purposes as we shall justify presently in Remark 4.
Also, we consider a sphere S of radious r > 0 with center at (xc, yc, zc):
S : (x− xc)2 + (y − yc)2 + (z − zc)2 = r2 .
Taking homogeneous coordinates X = (x, y, z, 1)t as before we express the sphere
S as: XtSX = 0 with
S =

1 0 0 −xc
0 1 0 −yc
0 0 1 −zc
−xc −yc −zc −r2 + x2c + y2c + z2c
 .
We are going to study the relative positions between the hyperboloid and the
sphere, being of interest when there is contact between them, this is, when they
have at least a common point. Of special significance is the tangent position which
corresponds to a point of contact between the surfaces with a common tangent
plane. We formalize this in the following definition.
Definition 1. We say that H and S are in contact if there exists X such that
XtHX = XtSX = 0.
Moreover, we say that H and S are tangent at a point X if XtHX = XtSX = 0
and Y tHX = 0 if and only if Y tSX = 0, this is, H and S are in contact at X and
have the same tangent plane at X.
The hyperboloid divides the space into two pieces, one which is simply connected
and other one which is not. We call the first one interior of H and the other one
exterior of H. Thus we say that a point P is interior to H if P tHP < 0 and exterior
to H if P tHP > 0. By extension, we say that S is interior (or exterior) to H if
every point in S is interior (or exterior) to H, respectively.
Definition 2. The following polynomial of degree 4:
f(λ) = det(λH + S)
is said to be the characteristic polynomial of H and S.
Remark 3. Note that det(H) 6= 0 since a 6= 0 and c 6= 0. Hence det(λH +
S) = det(H) det(λId + H−1S). This shows that det(λH + S) = 0 if and only
if det(λId + H−1S) = 0 and the roots of the characteristic polynomial are the
eigenvalues of −H−1S.
The study of this characteristic polynomial to analyze the relation between two
symmetric bilinear forms was considered previously to solve other geometric or
algebraic problems. A good example of this is the result for simultaneous diago-
nalization of symmetric bilinear forms given in [20], where it was shown that two
symmetric bilinear forms with associated matrices ϕ1, ϕ2 can be simultaneously
diagonalized if and only if there exists a basis of eigenvectors for ϕ−11 ϕ2.
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Remark 4. The roots of the characteristic polynomial are invariant under affine
transformations, since det(λH + S) = 0 if and only if det(λT tHT + T tST ) =
det(T )2 det(λH+S) = 0 for any transformation T with det(T ) 6= 0. Thus, although
we are considering a general circular hyperboloid, this can be rotated and translated
into one which is centered at the origin and with OZ axis. Therefore we are going
to focuss exclusively on a circular hyperboloid given in standar form H, as this
restriction does not carry a loss of generality.
Remark 5. As a rule, we are considering Cartesian coordinates with the center of
the sphere at (xc, yc, zc). Hence the characteristic polynomial for H and S takes
the form:
f(λ) =
(
a2 + λ
)
g(λ)
a4c2
,
where g(λ) = −(a2 + λ)[(c2 − λ)(r2 + λ) + z2cλ] + λ(c2 − λ)(x2c + y2c ).
However, sometimes it will be convenient to change to cylindrical coordinates, so
that xc = ρc cos θc, yc = ρc sin θc and zc = zc. Hence x
2
c + y
2
c = ρ
2
c and zc remains
unchanged. In these coordinates g is written as g(λ) = −(a2 +λ)[(c2−λ)(r2 +λ) +
z2cλ] + λ(c
2 − λ)ρ2c .
Note that cylindrical coordinates reflect the circular symmetry of the problem
under consideration and this is made explicit in the fact that the coordinate θ
does not appear in the expression of the characteristic polynomial. Moreover, if
we intersect H and S with the plane θ = constant that contains (xc, yc, zc), the
problem becomes two-dimensional and one can recover the classification referred in
[14] from the results in the next section.
2. Main results
In this section we describe the global picture with all possible relative positions
between H and S. The following theorems provide the configuration of roots which
corresponds to each relative position and vice versa, this is the relative position in
terms of the roots of the characteristic polynomial.
There are some particular cases that appear only under certain circumstances,
namely that a ≤ r or that c2 < ar. These particular cases will be analyzed later. In
the following theorem we describe the most general situation, without any further
assumption on r, a or c. For the sake of clarity the picture that represents each
relative position between H and S is given by the intersection with the vertical
plane that contains the OZ axis and the center (xc, yc, zc) of S:
Theorem 6. Let H and S be a circular hyperboloid and a sphere. The following
relative positions are in one to one correspondence with the configuration of roots
showed in the following table.
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General situation
Type Picture Description Roots (λ1 = −a2, λ2, λ3, λ4)
I S interior to H −a2 ≤ λ2 < λ3 < 0, 0 < λ4
E S exterior to H
0 < λ2 < λ3 ≤ c2 < λ4
or
0 < λ2 < λ3 < c
2 ≤ λ4
TI
S tangent to H
Center of S
interior to H
−a2 < λ2 = λ3 < 0 < λ4
TE
S tangent to H
Center of S
exterior to H
0 < λ2 = λ3 < λ4
C
Non-tangent
contact
λ2 = λ¯3 ∈ C, 0 < λ4
Table 1. General relative positions between S and H.
Remark 7. The table should be interpreted in the following way. The rela-
tive position of type I corresponds to the case in which the sphere is interior to
the hyperboloid and there is no contact between them, as the associated picture
shows. Any hyperboloid and sphere that fits into this description will give rise to
a characteristic polynomial whose roots are λ1 = −a2, λ2, λ3 and λ4 that satisfy
−a2 ≤ λ2 < λ3 < 0 and 0 < λ4. The converse also holds, this is, if a hyperboloid
and a sphere have a characteristic polynomial with roots λ1 = −a2, λ2, λ3 and
λ4 satisfying −a2 ≤ λ2 < λ3 < 0 and 0 < λ4, then the sphere is interior to the
hyperboloid (without contact). All other types are interpreted in an analogous way.
From a practical point of view and in relation with possible applications of these
results, it is likely that we will be considering the radious of the sphere smaller
than a, so that the sphere can travel along the interior of the hyperboloid without
touching the walls. Also, hyperboloids more widely used for practical applications
usually satisfy the condition ar < c2, which avoids situations like those described in
Table 3 below. Under these circumstances Theorem 6 describes all possible relative
positions between H and S, so the global picture gets simpler and can be described
as follows.
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Corollary 8. Let H and S be a circular hyperboloid and a sphere as described
above with r < a and ar < c2. Then there is contact between H and S if and only
if the characteristic polynomial f has complex roots or a double root λ 6= −a2.
Moreover, complex roots correspond to non-tangent contact and a double root
λ 6= −a2 corresponds to tangent contact.
Remark 9. In the hypothesis of Corollary 8, contact is detected by the existence
of complex or multiple roots of the characteristic polynomial. As we mentioned in
Remark 5, f can be written as f(λ) = a
2+λ
a4c2 g(λ), where g(λ) is a polynomial of
degree three (see Lemma 13 for details); thus Cardano’s formulas can be applied
to g(λ) to detect contact between H and S by a simple calculation as follows. In
general, for a monic polynomial x3+a2x
2+a1x+a0, the quantities Q = (3a1−a22)/9
and R = (9a2a1− 27a0− 2a31)/54 are defined so that ∆ = Q3 +R2 detects complex
and multiple roots (see, for instance, [1]). Thus, a direct analysis of the coefficients
of the polynomial p(λ) gives the value for ∆ and detects contact between S and H
as follows:
(1) if ∆ > 0 then there is non-tangent contact,
(2) if ∆ = 0 then there is tangent contact, and
(3) if ∆ < 0 then there is no contact.
Example. We present a specific example of how to apply Theorem 6, Corollary 8
and Remark 9. Suppose we are given a hyperboloid and a sphere with equations
H : x
2
2.25
+
y2
2.25
− z
2
2.56
= 1 and S : (x− 2.1)2 + (y − 2.2)2 + (z − 0.3)2 = 1.96 .
Using the notation of Section 1.1, we have that a = 1.5 and c = 1.6 specify the
hyperboloid and the sphere has radious r = 1.4 and center at (2.1, 2.2, 0.3).
In this case the characteristic polynomial has the expression
f(λ) = 0.0771605λ4 − 0.419753λ3 − 0.0148611λ2 + 2.09936λ− 1.96,
so g(λ) = λ3 − 7.69λ2 + 17.1099λ − 11.2896. Since r < a and ar < c2, we apply
Corollary 8 and follow Remark 9 to compute the value ∆ = −0.340702 < 0. Thus we
conclude that there is no contact between H and S. If, moreover, we are interested
in knowing the specific relative position between the hyperboloid and the sphere, we
compute the roots of f . We already know that λ1 = −a2 = −2.25 is a root and we
compute the roots of the third order polynomial g to find the other three roots:
λ2 = 1.23656, λ3 = 2.09451 and λ4 = 4.35893.
Now we check Table 1 to see that this root configuration corresponds to Type E, this
is, S is exterior to H.
One of the particular situations which deserves special attention is that in which
the sphere S is large in comparison with H, so that it cannot ‘travel’ all along the
interior of the hyperboloid without touching it. This happens when a ≤ r and the
extra relative positions, appart from those already characterized in Theorem 6, are
described in the following theorem.
Theorem 10. Let H and S be a circular hyperboloid and a sphere such that a ≤ r.
The following relative positions are in one to one correspondence with the configu-
ration of roots showed in the following table.
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Particular case: a ≤ r
Type Picture Description Roots (λ1 = −a2, λ2, λ3, λ4)
TIc
Tangency along a
circumference λ2 = λ3 = −a2, 0 < λ4
Td
Tangent and non-
tangent contact λ2 = λ3 < −a2, 0 < λ4
Ca
Non-tangent double
contact λ2 < λ3 ≤ −a2, 0 < λ4
Table 2. Extra relative positions between S and H if a ≤ r.
Another particular situation which requires special attention is that in which
c2 < ar, as this condition allows new relative positions with new configurations of
roots for the characteristic polynomial. These are described as follows.
Theorem 11. Let H and S be a circular hyperboloid and a sphere, respectively,
such that c2 < ar. The following relative positions are in one to one correspondence
with the configuration of roots showed in the following table.
Particular case: c2 < ar
Type Picture Description Roots (λ1 = −a2, λ2, λ3, λ4)
TEs
Exterior double
tangency 0 < λ2 = λ3 = c
2 < λ4
TEs1
Exterior tangency
and extra non-
tangent contact
0 < λ2 = c
2 < λ3 = λ4 = ar
TEs2
Exterior tangency
and extra non-
tangent contact
0 < c2 < λ2 = λ3 < λ4
Cm
Multiple contact
without tangency 0 < c2 ≤ λ2 < λ3 < λ4
Table 3. Extra relative positions between S and H if c2 < ar.
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Remark 12. The condition c2 = ar has a very specific geometric meaning. If
we intersect H and S with a vertical plane containing the OZ axis and the center
(xc, yc, zc) of S, we obtain a hyperbola and a circumference, respectively. Thus,
we consider a vertical hyperbola of the hyperboloid (i.e. a hyperbola obtained as
the intersection of a plane of the form θ = constant in cylindrical coordinates) and
study its curvature. For a parametrization of the form h(t) = (a cosh(t), c sinh(t))
the curvature is given by
κh(t) =
ac√
(a2 sinh2(t) + c2 cosh2(t))3
,
where we have used that κh(t) =
‖h′(t)×h′′(t)‖
‖h′(t)‖3 (see, for example, [2]). At the
intersection point with the plane z = 0, the curvature of h is maximum and is given
by κh(0) =
a
c2 . On the other hand, a maximum circumference of the sphere of
radious r has constant curvature κc =
1
r . Hence, the equality of both curvatures at
the point of intersection with the plane z = 0 gives rise to the condition
κh(0) =
a
c2
=
1
r
= κc ,
or, equivalently, c2 = ar. Thus, the condition for the existence of situations like
those given in Table 3 is precisely c2 < ar.
Also note that one can get to the situation where c2 = ar by continuously
modifying the values of a, c and/or r that satisfy c2 < ar. Thus, the situations in
Table 3 that represent tangencies, these are TEs, TEs1 and TEs2, reduce to one
point of tangency if c2 = ar. This is the reason why this equality is not included
in Theorem 11 and, furthermore, we will show in Lemma 16 that this situation
corresponds to a triple positive root c2 for the characteristic polynomial.
Examples. We present here two more examples to show how to apply Theorems 10
and 11. Let us take the hyperboloids and the spheres given by equations
H1 : x22 + y
2
2 − z
2
4 = 1, S1 : x2 + y2 + (z − 3)2 = 5 ,
H2 : x24 + y
2
4 − z2 = 1, S2 : (x− 3)2 + (y − 3)2 + (z + 1)2 = 6 .
We first consider H1 and S1. A straightforward calculation shows that f(λ) =
(2 + λ)2(−20− 8λ+ λ2)/16 and the roots are:
λ1 = λ2 = λ3 = −2 and λ4 = 10.
We check Table 2 to see that this root configuration corresponds to Type TIc, so H1
and S1 are tangent along a circumference.
We consider now H2 and S2 and compute f(λ) = (−2 +λ)2(−24− 2λ+λ2)/16.
The roots of the characteristic polynomial are:
λ1 = −4, λ2 = λ3 = 2 and λ4 = 6.
We check Table 3 to see that this root configuration corresponds to Type TEs2, so
H1 and S1 are tangent at a point with extra non-tangent contact.
3. Technical results
3.1. Some remarks on the roots of the characteristic polynomial.
Lemma 13. The roots of the characteristic polynomial f satisfy:
(1) −a2 is a root.
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(2) 0 is not a root.
(3) The product of all roots is −a4c2r2 < 0.
(4) There exists at least one positive real root λ4 > 0.
Proof. By a direct computation one sees that the characteristic polynomial takes
the form
f(λ) =
(
a2 + λ
)
g(λ)
a4c2
,
where
(1)
g(λ) = −(a2 + λ)[(c2 − λ)(r2 + λ) + z2cλ] + λ(c2 − λ)(x2c + y2c )
= λ3 + (a2 − c2 + r2 − x2c − y2c − z2c )λ2
−(a2c2 − a2r2 + c2r2 − c2x2c − c2y2c + a2z2c )λ− a2c2r2.
Thus, −a2 is a root of the characteristic polynomial. Since f(0) = −r2, 0 is not
a root and, as a consequence of Cardano-Vieta formulas, the product of the roots
is −a4c2r2. Moreover, since −a4c2r2 < 0, not all the roots have the same sign, so
there is at least one positive root. 
As a consequence of Lemma 13, a multiple root can be double or triple, but
not cuadruple. There are two particular possible roots of f that require an specific
analysis, these are −a2 and c2. In the following lemmas we analyze them separately.
First we show that −a2 is a multiple root precisely when S is centered at the OZ
axes:
Lemma 14. −a2 is a multiple root of f if and only if xc = yc = 0. Moreover, if
xc = yc = 0, −a2 is a triple root if and only if r2 = a2 + a2z2c/(a2 + c2).
Proof. Suppose −a2 is a multiple root, then −a2 is a root of g in equation (1), so
g(−a2) = −a2(a2 + c2)(x2c + y2c ) = 0 .
This shows −a2 is a root of g if and only if xc = yc = 0. If xc = yc = 0 then g
reduces to
g(λ) = −(a2 + λ)(c2r2 + c2λ− r2λ+ z2cλ− λ2).
Now, we check that −a2 is a root of h(λ) = c2r2 + c2λ− r2λ+ z2cλ−λ2 if and only
if r2 = a2 + a2z2c/(a
2 + c2). 
The particular case in which S has center at the OZ axis, i.e. xc = yc = 0, will
play a distinguished role in our analysis. We summarize the results obtained with
xc = yc = 0 in the following corollary.
Corollary 15. If xc = yc = 0 then
(1) f(λ) has four real roots: −a2 which has multiplicity at least 2 and
λ± =
(
c2 − r2 + z2c ±
√
(c2 − r2 + z2c )2 + 4c2r2
)
/2.
(2) −a2 is a triple root if and only if S is centered at (0, 0, zc) with
z2c = (r
2 − a2)(a2 + c2)/a2.
Proof. By Lemma 14, f(λ) = −h(λ)(a2 + λ)2/(a4c2) where h(λ) = c2r2 + c2λ −
r2λ + z2cλ − λ2. We find the roots of h(λ) to see they are those given in assertion
(1). Since the radicand is positive, λ± are real. Assertion (2) rephrases what was
stated in Lemma 14. 
Now, we turn our attention to the c2 root and show that this is indeed a root if
and only if the center of S belongs to the XY -plane:
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Lemma 16. c2 is a root of f if and only if zc = 0. Moreover, if zc = 0, c
2 is a
multiple root if and only if r2 = −c2 + c2(x2c + y2c )/(a2 + c2). More specifically,
(1) c2 is a double root if c2 6= ar, and
(2) c2 is a triple root if c2 = ar.
Proof. We compute g(c2) = −c2(a2 + c2)z2c to see that c2 is a root of f if and only
if zc = 0. If zc = 0, then
g(λ) = −(c2 − λ)(a2r2 + (a2 + r2 − x2c − y2c )λ+ λ2).
Now, substitute λ by c2 in the previous second order factor to see that c2 has
multiplicity at least 2 if and only if r2 = −c2 + c2(x2c + y2c )/(a2 + c2). Assume c2 is
a multiple root, then
g(λ) = (c2 − λ)2(a2 − a2x
2
c + y
2
c
a2 + c2
+ λ),
from where we get the condition (c2 + a2)2 = a2(x2c + y
2
c ) for c
2 to be a triple root.
Now, from the two conditions one gets the relation c4 = a2r2, which is equivalent
to c2 = ar since a, c and r are all positive. 
Remark 17. Observe from Lemma 14 that if −a2 is a triple root then a ≤ r, since
r2 = a2 + ∗ where ∗ ∈ [0,∞). Moreover, if −a2 is a triple root and r = a then S is
centered at (0, 0, 0) and intersects H in a circumference. Furthermore, in this case
the positive root is c2, as seen in Lemma 16.
Also, recall from Remark 12 that the condition given in Lemma 16 for c2 to be
a triple root is precisely that the vertical hyperbola of H has the same curvature
at the point z = 0 as a maximum circumference of S.
Lemma 18.
(1) If f has three negative roots −a2, λ2 and λ3. Then either λ2 ≤ λ3 ≤ −a2
or −a2 ≤ λ2 ≤ λ3 < 0.
(2) If f has three positive roots λ2, λ3 and λ4. Then either λ2 ≤ λ3 ≤ c2 ≤ λ4
or c2 ≤ λ2 ≤ λ3 ≤ λ4.
Proof. From the proofs of Lemmas 14 and 16 we know that g(−a2) = −a2(a2 +
c2)(x2c + y
2
c ) and that g(c
2) = −c2(a2 + c2)z2c , so g(−a2) ≤ 0 and g(c2) ≤ 0. Since
limλ→±∞ g(λ) = ±∞, we have that the relations λ2 < −a2 < λ3 and λ2 < c2 < λ3
for the roots of g are not possible. Hence the lemma follows. 
3.2. Tangency points and multiple roots. A key point in our global analysis
is the relation between tangency and the multiplicity of roots. This is the main
subject of the current section.
We consider the roots−a2 and c2 separately as previously. We begin by analyzing
the root −a2 as a triple root and the corresponding tangency as follows.
Lemma 19. −a2 is a triple root of f(λ) if and only if H and S are tangent along
a circumference.
Proof. By Lemma 14, a necessary condition for −a2 to be a triple root is that
xc = yc = 0. Note also that this is a necessary condition for tangency along a
circumference. Thus, assume xc = yc = 0 henceforth. We study the solutions
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of the system given by the equations Xt0HX0 = 0 and X
t
0SX0 = 0, which for
Xt0 = (x, y, z, 1) in homogeneous coordinates are:
x2
a2
+
y2
a2
− z
2
c2
= 1 and x2 + y2 + (z − zc)2 = r2 .
Substitute x2 + y2 in the previous equations to see that
r2 − (z − zc)2
a2
− z
2
c2
= 1 .
Due to the symmetry of the problem, a tangent solution corresponds to a unique
solution of this equation for z. Thus, the discriminant−c2(a4−c2r2+a2(c2−r2+z2c ))
must vanish. Since c 6= 0, this is equivalent to r2 = a2(1+z2c/(a2 + c2)). But this is
precisely the condition for−a2 to be a triple root, which was given in Lemma 14. 
As we saw in Remark 17, a necessary condition for −a2 to be a triple root is that
a ≤ r. Furthermore, it is also a necessary condition for the sphere to be tangent to
the hyperboloid on a circumference and both facts are related by Lemma 19. Now
we are going to analyze the possible relative positions when the center of the sphere
is at the OZ axis.
Lemma 20. Let xc = yc = 0. If r < a then the roots λi, i = 1, . . . , 4, satisfy
−a2 = λ1 = λ2 < λ3 < 0 < λ4, whereas if a ≤ r then one of the following
possibilities holds:
(1) S and H are in non-tangent contact (see Picture Ca in Table 2) and the
roots λi, i = 1, . . . , 4, satisfy
λ2 < −a2 = λ1 = λ3 < 0 < λ4.
(2) S and H are tangent along a circumference (see Picture TIc in Table 2)
and the roots λi, i = 1, . . . , 4, satisfy
−a2 = λ1 = λ2 = λ3 < 0 < λ4.
(3) S and H are not in contact (see Picture I in Table 1) and the roots λi,
i = 1, . . . , 4, satisfy
−a2 = λ1 = λ2 < λ3 < 0 < λ4.
Proof. Assume xc = yc = 0. By Lemma 14 this is equivalent to the fact that −a2
is a multiple root, so we can assume λ1 = λ2 = −a2. There is an extra negative
root λ3 and a positive root λ4. We analyze the negative root λ3 depending on the
value of zc. By Corollary 15 the negative root is given by
λ3 =
(
c2 − r2 + z2c −
√
(c2 − r2 + z2c )2 + 4c2r2
)
/2.
Note that the derivative of λ3 with respect to z
2
c is positive so we conclude that λ3
grows as z2c increases. We analyze the cases r < a and a ≤ r separately. If r < a,
note from expression (1) in Lemma 13 that the roots of f are λ1 = λ2 = −a2, λ3 =
−r2 and λ4 = c2 if the sphere is centered at (0, 0, 0), so the result follows because
λ3 increases with z
2
c . Assume henceforth that r ≥ a. By Lemma 19 tangency
between S and H is characterized by λ3 = −a2 = λ1 = λ2 and, thereby, we obtain
the three given possibilities (note that we have renamed λ2 and λ3 in assertion
(1) for coherence with the notation in Table 2). Since each of the three relative
positions matches one of the three possible configuration of roots (see Lemma 18),
the conditions are necessary and sufficient. 
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Lemma 21. If c2 is a multiple root, then H and S are tangent and zc = 0. More-
over, in this case,
(1) c2 is a double root if and only if H and S are tangent in two points of the
same vertical ray (i.e. in two points of the form (x, y,±z)) and c2 < ar
(see Picture TEs in Table 3).
(2) c2 is a triple root if and only if H and S are tangent at one point of the
plane z = 0 and ar = c2.
Proof. From Lemma 16 we know that c2 is a multiple root if and only if zc = 0
and r2 = −c2 + c2(x2c + y2c )/(a2 + c2). Now, we check that the latter condition
corresponds to the existence of tangency. We study the solutions of the system
given by the equations Xt0HX0 = 0 and X
t
0SX0 = 0, which for X
t
0 = (x, y, z, 1) in
homogeneous coordinates correspond to the equations
x2
a2
+
y2
a2
− z
2
c2
= 1 and (x− xc)2 + (y − yc)2 + z2 = r2 .
We are going to analyze the solution that has the direction given by (xc, yc) at
the XY -plane. In other words, we intersect by the vertical plane that contains
the origin and the intersection points between the hyperboloid and the sphere in a
hypothetical tangency situation. Hence by a change to cylindrical coordinates we
consider the following equations instead:
(2)
ρ2
a2
− z
2
c2
= 1 and (ρ− ρc)2 + z2 = r2 .
Substitute z2 to see that
(3) (1 +
c2
a2
)ρ2 − 2ρcρ+ ρ2c − c2 − r2 = 0 .
Now, observe that if the discriminant vanishes then there is a unique solution for
ρ. The discriminant vanishes if r2 = −c2 + c2ρ2c/(a2 + c2), which is precisely the
condition for c2 to be a multiple root.
Assuming r2 = −c2 + c2ρ2c/(a2 + c2) the coordinate ρ of the intersection points
is given by ρ = a2ρc/(a
2 + c2). On the other hand, a normal vector to H has
expression ( ρa2 ,
−z
c2 ) and a normal vector to S has expression (ρ − ρc, z). This two
vectors have the same direction if and only if ρ = a2ρc/(a
2 + c2). Therefore the
intersection points are indeed tangency points.
We continue the analysis of the multiplicity of the root. First, substitute in
the hyperboloid equation the expression for ρ to see that the z coordinate of the
intersection point satisfies z2 = c2(
a2ρ2c
(a2+c2)2 − 1). We have two possibilities:
• z = 0: from the previous expresion this is equivalent to a2ρ2c = (a2 + c2)2.
But, by Lemma 16 this means that c2 is a triple root and ar = c2. In this
case we have only one point of tangency. This shows assertion (2).
• z 6= 0: so a2ρ2c 6= (a2+c2)2 and, by Lemma 16 c2 is a double root. Moreover,
in this case we have two points of tangency in the same vertical ray of the
form (x, y,±z). For this to be possible it is necessary that c2 < ar, as we
saw in Remark 12. This shows assertion (1). 
Note that if the center of S is in the plane z = 0 then −a2 and c2 are roots of
the characteristic polynomial, as follows from Lemmas 13 and 16. We consider a
generic example with this particular property.
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Example 22. Consider generic a, c and r. We build a generic example so that S
is exterior to H. Let the center of S be at (xc, 0, 0) where x2c = (1 + a
2
c2 )(c
2 + r2) +
(a + r)2. Thus, since (1 + a
2
c2 )(c
2 + r2) < ρ2c, we have from Equation 3 (proof of
Lemma 21) that there is not contact between H and S. On the other hand, the roots
of f(λ) are −a2, c2 and λ± = 12
(
−a2 − r2 + x2c ±
√
(a2 + r2 − x2c)2 − 4a2r2
)
.
Now, substitute x2c in the expression for λ± to see that
λ± =
1
2
(1 + a2
c2
)(c2 + r2) + 2ar ±
√(
(1 +
a2
c2
)(c2 + r2) + 2ar
)2
− 4a2r2
 .
Note that the radicand is positive, so λ± are two different real roots and, moreover,
they are positive. Also, note from Lemma 16 that the condition for c2 to be a
multiple root is r2 = −c2 + c2x2c/(a2 + c2), which is not satisfied for this value of
x2c. Hence there are three positive distinct roots and one negative root for f(λ) in
this particular case.
Now we study different cases for zc = 0. Again we use cylindrical coordinates
where ρc =
√
x2c + y
2
c . We distinguish when ρc = a + r and when ρc > a + r. In
the first case, a straightforward calculation gives the following lemma.
Lemma 23. Let the center of S be at (ρc, θ, 0), for any θ ∈ [0, 2pi), with ρc = a+r.
Then there is a tangent point at (a, θ, 0) and some extra contact as in Picture TEs1
in Table 3 if c2 < ar. The roots of the characteristic polynomial in this case are
λ1 = −a2, λ2 = c2 < λ3 = λ4 = ar.
We study now the behaviour of the two unknown roots for the particular setting
in which ρc > a+ r.
Lemma 24. Let the center of S be at (ρc, θ, 0), for any θ ∈ [0, 2pi), with ρc > a+r.
If ar ≤ c2 then the roots λi, i = 1, . . . , 4, satisfy λ1 = −a2 < 0 < λ2 < ar < λ3,
λ4 = c
2, whereas if c2 < ar, then one the following possibilities holds:
• S and H are in non-tangent contact (see Picture Cm in Table 3) and the
roots λi, i = 1, . . . , 4, satisfy
λ1 = −a2 < 0 < λ2 = c2 < λ3 < λ4.
• S and H are tangent (see Picture TEs in Table 3 and note that this tangency
is realized in two points of a vertical ray) and the roots λi, i = 1, . . . , 4,
satisfy
λ1 = −a2 < 0 < λ2 = λ3 = c2 < λ4.
• S and H are not in contact (see Picture E in Table 1) and the roots λi,
i = 1, . . . , 4, satisfy
λ1 = −a2 < 0 < λ2 < λ3 = c2 < λ4.
Proof. As a consequence of Lemmas 13 and 16 and because zc = 0, we have that
−a2, c2 are roots of the characteristic polynomial. Hence a direct computation
shows that the other two roots are given by
λ± =
1
2
(
ρ2c − a2 − r2 ±
√
(ρ2c − a2 − r2)2 − 4a2r2
)
.
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First note that λ± are real and positive. Moreover, λ+ = λ− when ρc = a + r; in
this case, λ± = ar, so the eigenvalue structure satisfies:
λ1 = −a2 < 0 < λ2 = c2, 0 < ar = λ3 = λ4.
We turn our attention to the case ρc > a+ r. To study the behaviour of λ± as
ρc varies, we compute
d
dρ2c
λ± =
1
2
1± ρ2c − a2 − r2√
(ρ2c − a2 − r2)2 − 4a2r2

to see that
d
dρ2c
λ+ > 0 and
d
dρ2c
λ− < 0 for ρc > a + r, since ρ2c − a2 − r2 > 0 and
|ρ2c − a2 − r2| > |
√
(ρ2c − a2 − r2)2 − 4a2r2|. Hence, the eigenvalue λ+ increases
whereas λ− decreases as ρc increases. As a consequence (using also Lemma 21), if
ar ≤ c2, then the eigenvalues configuration is
λ1 = −a2 < 0 < λ2 < ar < λ3, λ4 = c2.
However, if c2 < ar, using Lemma 21, we have the following possibilites:
• λ1 = −a2 < 0 < λ2 = c2 < λ3 < ar < λ4 corresponding to non-tangent
contact,
• λ1 = −a2 < 0 < λ2 = c2 = λ3 < ar < λ4 corresponding to the tangent
case, and
• λ1 = −a2 < 0 < λ2 < λ3 = c2 < ar < λ4 corresponding to non contact.
This completes the proof of the lemma. 
Lemma 25. Let λ 6= −a2 be a real root of f(λ). If the multiplicity of λ is m ≥ 2,
then there exists at least one point where H and S are tangent.
Proof. If λ = c2, then the result follows by Lemma 21. Assume λ /∈ {−a2, c2} is
a real root of f(λ). We study the rank of λH + S triangularizing the matrix to
obtain:
λH + S '

λ+a2
a2 0 0 −xc
0 λ+a
2
a2 0 −yc
0 0 −λ+c
2
c2 −zc
0 0 0 −λ− r2 + λλ+a2 (x2c + y2c ) + λλ−c2 z2c
 .
We have rank(λH+S) = 3. Let Ei = ker(λI+H−1S)i be the generalized eigenspace
of order i. If λ is a root of multiplicity greater than 1, since rank(λH + S) = 3,
we have that 1 = dim(E1) < dim(E2). Hence, there exists Y ∈ E2 − E1. Let
X0 = (λI +H
−1S)Y = H−1(λH + S)Y 6= 0.
Since (λI + H−1S)X0 = (λI + H−1S)2Y = 0 we have that X0 ∈ E1. Now we
check that Xt0HX0 = 0 as follows:
Xt0HX0 = X
t
0(λH + S)Y = [(λH + S)X0]
tY = [H(λI +H−1S)X0]tY = 0,
where we have used that λH + S is symmetric. Since Xt0(λH + S)X0 = 0, it
follows that Xt0SX0 = 0. Therefore X0 is a point of the two quadrics. Also, since
(λH + S)X0 = 0, it follows that −λHX0 = SX0 so H and S are indeed tangent at
X0. 
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Lemma 26. If H and S are tangent, then there exists a multiple real root of the
characteristic polynomial.
Proof. Assume H and S are tangent at X0, then Xt0HX0 = Xt0SX0 = 0 and
SX0 = −α0HX0 for a certain α0 ∈ R. Hence (α0H + S)X0 = 0, so α0 is a root
of f . We argue by contradiction to show that there exists a multiple root of f . If
there are no multiple roots, then there are 4 simple real roots or 2 simple real roots
and 2 complex conjugate roots.
Assume there are 4 different roots αi, either all of them real or two of them com-
plex conjugate, with eigenvectors Xi for i = 0, 1, 2, 3. The vectors X0, X1, X2, X3
are linearly independent. Since Xi are eigenvectors, we have X
t
i (αiH + S)X0 = 0
for all i = 0, 1, 2, 3. Hence, for i = 1, 2, 3, we have the relations
α0X
t
iHX0 +X
t
iSX0 = 0,
αiX
t
iHX0 +X
t
iSX0 = 0.
Substract to get that (α0−αi)XtiHX0 = 0. Since α0 6= αi we have that XtiHX0 = 0
and, hence, XtiSX0 = 0 too. So X
t
iHX0 = 0 for i = 0, 1, 2, 3. If Xi are all real
eigenvectors this implies that HX0 = 0 as X0, X1, X2, X3 are linearly independent.
This is a contradiction as H is regular and X0 6= 0. If two of the eigenvalues are
complex conjugate, suppose without loss of generality that α3 = α¯2, so X3 = X¯2.
Consider the set of real vectors {X0, X1, X2 + X3, iX2 − iX3} and observe that
span{X0, X1, X2 + X3, iX2 − iX3} = span{X0, X1, X2, X3}. Now we obtain the
same contradiction as before, i.e. HX0 = 0, that shows this case is not possible
either. Therefore the result follows. 
As a consequence of the previous lemmas, we have that the tangency condition
is identified in terms of multiple roots. We state the following theorem.
Theorem 27. H and S are tangent if and only if one of the following possibilities
holds:
(1) there exists one multiple root λ 6= −a2,
(2) −a2 is a triple root.
Proof. Lemmas 25 and 19 imply that if we have a multiple root λ 6= −a2 or −a2 is
a triple root, then there is at least one tangent point between S and H. Conversely,
Lemma 26 shows that if there is a tangent point, then there exist a multiple root.
Moreover, this multiple root is a triple root if it is −a2, as we saw in Lemmas 14
and 20. 
3.3. Moving sphere.
In this section we use a technique based on a moving sphere. Let us move the
sphere S translating its center along a parametrized curve α(t), with t ∈ [a, b], and
denote it by S(t). Define ft(λ) = det(λH + S(t)) as the characteristic polynomial
f(λ) for S centered at α(t).
Lemma 28. (1) Let p(t) = α2(t)λ
2 + α1(t)λ+ α0(t) a polynomial of degree 2
whose coefficients are continuous functions of t ∈ [t0, t1]. If p(t0) has two
distinct real roots and p(t1) has complex conjugate roots, then there exists
td ∈ (t0, t1) such that p(td) has a double root.
(2) Let S(t) be a moving sphere for t ∈ [t0, t1] and H a fixed hyperboloid. If
ft0(λ) has four real roots and ft1(λ) has two real and two complex roots,
then there exists td ∈ (t0, t1) such that ftd(λ) has a multiple root.
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Proof. Since αi are continuous functions for i = 0, 1, 2, so is the discriminant
d(t) = α1(t)
2 − 4α0(t)α2(t). Since d(t0) > 0 and d(t1) < 0, the result follows
as a consequence of Bolzano’s Theorem.
Note first that −a2 is a root. Let λ2(t), λ3(t) and λ4(t) be the other three roots.
For every t ∈ [t0, t1], at least one of λ2(t), λ3(t), λ4(t) is real. Assume without loss
of generality that λ2(t) is real for [t0, t
′
1] with t
′
1 maximal so that λ3(t
′
1), λ4(t
′
1) are
complex conjugate. We consider the polynomial f˜(t) = ft(λ)/((x+ a
2)(x− λ2(t)))
defined for t ∈ [t0, t′1]. f˜ is a polynomial of degree 2 whose coefficients are continuous
functions of t, since the roots of a polynomial with continuous functions coefficients
are continuous. Hence we apply (1) to f˜ in [t0, t
′
1] to obtain (2). 
3.4. Characterization of relative positions. In this section we use the previous
lemma to prove the result that characterizes the different relative positions between
S and H. We begin by giving some examples which will be useful in the proofs.
Example 29. There are two examples of special significance for the subsequent
analysis of complex roots.
(1) Let S be the sphere with radious r, such that r < 2a, and center at (a, 0, 0).
It is easy to check that there is contact between S and H. We study the
roots of f(λ) to see that they are −a2, c2 and λ± = 12
(−r2 ± r√r2 − 4a2).
So we have that λ± are complex roots (because r < 2a).
(2) Let S be the sphere with radious r, such that a < 2r, and center at (r, 0, 0).
Again, there is contact between S and H. The roots of f(λ) are −a2, c2
and λ± = 12
(−a2 ± a√a2 − 4r2). Hence, as a < 2r we have that λ± are
complex conjugate roots.
We characterize the non-contact possible situations between S and H in the
following lemma.
Lemma 30. Assume there is no contact between S and H. Then one of the fol-
lowing holds:
(1) If S is interior to H, then there is a positive root, −a2 is a root and there
are two negative distinct roots λ2, λ3 such that −a2 ≤ λ2 < λ3.
(2) If S is exterior to H, then there are 3 positive distinct roots. Moreover,
these roots λ2, λ3 and λ4 satisfy 0 < λ2 < λ3 ≤ c2 < λ4 or 0 < λ2 < λ3 <
c2 ≤ λ4.
Proof. Assume S is interior to H and there is no contact. If xc = yc = 0, the center
of S is in the OZ axis and that case was previously considered in Lemma 20, from
where it follows the result for that particular situation. Assume xc 6= 0 or yc 6= 0
henceforth. By Lemma 14 we have that −a2 is not a double root. The interior
of H for a fixed value of z is a disk, so it is convex. Hence we can build a path
α(t) = ((1 − t)xc, (1 − t)yc, zc), t ∈ [0, 1], so that α(0) is the center of S, α(1) is
in the OZ axis, and we move the center of the sphere along α without touching
H. As before, define ft(λ) to be the characteristic polynomial when the center of
S is at α(t). From Lemma 20 we know that f1(λ) has roots λi(1), i = 1, . . . , 4,
satisfying −a2 = λ1(1) = λ2(1) < λ3(1) < 0 < λ4(1). Since the coefficients of ft(λ)
are continuous functions on the variable t, so are the roots λi(t) of ft(λ). Since
there is no contact between S and H when the center of S moves along α, we have
that:
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• there are no complex roots for t ∈ [0, 1]: if there were a complex root,
by Lemma 28, there would exist td ∈ (0, 1) so that there is a double root
different from −a2 for ftd(λ). But, by Lemma 25, that would imply that
there is a tangent point, which is not the case.
• there are 3 negative roots for t ∈ [0, 1]: since there are 3 negative roots for
t = 1 and the roots are continuous functions which never take the value 0
or complex values, there are always 3 negative roots.
• at least one root belongs to the interval (−a2, 0): we have that λ3(1) ∈
(−a2, 0), that λ3 is a continuous function, that −a2 is not a double root
for t ∈ [0, 1) (by Lemma 14), that 0 is not a root and that there are no
complex roots along α. Then λ3(t) ∈ (−a2, 0) for t ∈ [0, 1].
Now, by Lemma 18, it follows that λ2(1) ∈ [−a2, λ3(1)]. Since λ2(1) = λ3(1) would
imply tangency by Lemma 25, we conclude λ2(1) ∈ [−a2, λ3(1)) and assertion (1)
follows.
To prove assertion (2), we use a similar strategy. Assume S is exterior to H and
there is no contact. We build a path from the center of S to a point in the XY -
plane. This can be done without contact between the sphere and the hyperboloid
in the following way. Due to the connectivity of every vertical segment joining
two points of H, we can build a path β(t) = (xc, yc, (1 − t)zc), t ∈ [0, 1] so that
β(0) is the center of S and β(1) is the projection in the XY -plane. Hence β is a
path joining (xc, yc, zc) and (xc, yc, 0) without contact between the sphere and the
hyperboloid when the center of S moves along the path. Since there is no contact
between H and S, we have that ρc > a + r, so we use Lemma 24 to see that the
roots of f1(λ) satisfy λ1 = −a2 < 0 < λ2 < ar < λ3 and λ4 = c2, if ar ≤ c2, or
λ1 = −a2 < 0 < λ2 < λ3 = c2 < ar < λ4 if c2 < ar. We use the previous lemmas
to obtain assertion (2) as follows:
• there are no complex roots for t ∈ [0, 1]: by Lemmas 28 and 25 that would
imply that there is a tangent point, which is not the case.
• there are three positive roots for t ∈ [0, 1]: since there are three positive
roots at the final point of the path and the roots are continuous functions
which never take the value 0 or complex values, there are always three
positive roots.
• the three positive roots are different: as a consequence of Lemma 25 a
multiple root would imply tangency, which is not the case as we have seen.
Now, by Lemma 18 we know that it is not possible that λ2 < c
2 < λ3 < λ4 so
necessarily 0 < λ2 < λ3 < c
2 < λ4 if zc 6= 0. This completes the proof of the
lemma. 
Henceforth we are going to consider non-tangent contact. If r < a, the intersec-
tion between S and H is a curve with only one connected component. However,
if r ≥ a we distinguish two kinds of possible non-tangent contact: the intersection
between S and H is a curve with one or with two connected components. First, we
identify the meaning of complex roots in terms of the relative position between S
and H for the case in which the intersection curve has one connected component.
Lemma 31. If S and H intersect only in a connected curve (without tangency)
then there are two complex conjugate roots.
Proof. We distinguish two cases: r ≤ a and r > a. Assume first r ≤ a. We are
going to build a continuous path from (xc, yc, zc) to (a, 0, 0) and use Example 29(1).
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For cylindrical coordinates ρc =
√
x2c + y
2
c and θc = arctan
y
x , we consider the
continuous path in cartesian coordinates from (xc, yc, zc) to (a, 0, 0) given by
γ(t) =

(ρc cos((1− 4t)θ0), ρc sin((1− 4t)θ0), zc) if 0 ≤ t ≤ 14 ,(
(2− 4t)ρc + (4t− 1)ac
√
c2 + z2c , 0, zc
)
if 14 ≤ t ≤ 12 ,(
a
c
√
c2 + (2− 2t)2z2c , 0, (2− 2t)zc
)
if 12 ≤ t ≤ 1,
The points γ(0), γ(1/4), γ(1/2) and γ(1) correspond, respectively, to points C, D,
E and C˜ in the picture below
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As Example 29 shows, there are two complex conjugate roots at the end of the
path. Moreover, all along the path there is non-tangent contact between S and H.
As a consequence of Theorem 27, there are no multiple roots all along the path.
This means, by Lemma 28, that there are two complex roots for all t ∈ [0, 1] and,
in particular, at the initial point. This completes the proof for r < 2a.
Now assume r ≥ a. The argument is analogous to the previous one, but we use
Example 29(2) and now the path is given by
β(t) =

(ρc cos((1− 4t)θ0), ρc sin((1− 4t)θ0), zc) if 0 ≤ t ≤ 14 ,(
(2− 4t)ρc + (4t− 1)
[
r − a+ ac
√
c2 + z2c
]
, 0, zc
)
if 14 ≤ t ≤ 12 ,(
r − a+ ac
√
c2 + (2− 2t)2z2c , 0, (2− 2t)zc
)
para 12 ≤ t ≤ 1.
Thus one has that β(0) = (xc, yc, zc), that β(1/4) = (ρc, 0, zc), that β(1/2) = (r −
a+ ac
√
c2 + z2c , 0, zc) and that β(1) = (r, 0, 0). Again, there is non tangent contact
all along the path and at the final point we have complex roots, so the previous
argument also applies in this case. This completes the proof of the lemma. 
Lemma 31 identifies when the intersection is connected in terms of the roots.
Now we study the case in which the intersection curve between S and H has two
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connected components. There are two situations that are different in essence and
are identified by a different configuration of roots: one which corresponds to Picture
Ca in Table 2, and other that corresponds to Picture Cm in Table 3. In the first
case we need that a < r and in the second one that c2 < ar. See Lemmas 20(1)
and 24(1) for examples of these two situations.
Lemma 32. If S and H intersect in a curve with two connected components then
(1) for Type Ca in Table 2 the roots are λ1 = −a2, λ2, λ3 and λ4 such that
λ2 < λ3 ≤ −a2, and λ4 > 0;
(2) for Type Cm in Table 3 the roots are λ1 = −a2, λ2, λ3 and λ4 such that
0 < c2 ≤ λ2 < λ3 < λ4.
Proof. The argument of the proof is similar to previous ones. In the first case,
corresponding to the relative position represented by Type Ca (Table 2), we are
going to build a path for the center of the sphere from (xc, yc, zc) to (0, 0, zc).
Consider the parametrized curve α(t) = (xc(1 − t), yc(1 − t), zc) for t ∈ [0, 1]. Let
λ1(t), λ2(t), λ3(t) and λ4(t) be the roots of ft(λ). In virtue of Lemma 20, the
roots at α(1) satisfy λ2(1) < −a2 = λ1(1) = λ3(1) < 0 < λ4(1). Note that S and
H are not tangent for any value of t ∈ [0, 1], so λ2 6= −a2 (Lemma 19) and, as a
consequence of Lemma 28, λ2(t) cannot be complex, so λ2(t) < −a2 for t ∈ [0, 1].
Now, by Lemma 18, the configuration of roots follows.
Consider now the case represented in Picture Cm (Table 3). Acting in the
same fashion we build a continuous path from the center of S to the XY -plane as
β(t) = (xc, yc, (1 − t)zc). Since β(1) belongs to the XY -plane, Lemma 24 applies
and we have roots λi(t) satisfying λ1(1) = −a2 < 0 < c2 = λ2(1) < λ3(1) < λ4(1).
By continuity of the path and roots, and using Lemma 18 to see that c2 ≤ λ2(t),
we get that λ1(t) = −a2 < 0 < c2 ≤ λ2(t) < λ3(t) < λ4(t) for all t ∈ [0, 1]. 
4. Proofs of the main results
In this section we prove the results stated in Section 2 as a consequence of the
analysis developed in Section 3.
For the proofs of Theorems 6, 10 and 11 we proceed in the following way: we will
show that for each relative position between H and S, the roots of the characteristic
polynomial satisfy the relations given in the corresponding table. This is, we show
that this relations are necessary conditions. Since all the relative positions are
mutually exclusive (and so are the configurations of roots given in Table 1, Table 2
and Table 3) and they cover all relative positions between H and S, it automatically
follows that the conditions are also sufficient. Hence, a certain configuration of roots
implies the corresponding relative position given in the tables.
Proof of Theorem 6. We establish one implication, showing that for a given
relative position between H and S the roots of the characteristic polynomial satisfy
the relations given in Table 1.
(1) Types I and E: these follow directly from Lemma 30.
(2) Types TI and TE: by Lemma 26 we have that there exists a multiple root.
Moreover, these two relative positions can be obtained by moving a sphere
continously from positions of Type I and E, respectively. Since the roots
are also continuous, the two configurations of roots are obtained as a con-
sequence of this fact.
(3) Type C: this follows directly from Lemma 31. 
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Proof of Corollary 8. Under the hypothesis r < a and ar < c2, all possible
relative positions are given in Theorem 6. In particular, if there is contact between
H and S, the intersection curve is connected.
Assume there is contact between H and S. By Lemma 31, if the contact is non-
tangent then there are complex roots, whereas Theorem 27 shows that for tangent
contact there is a double root different from −a2 or −a2 is a triple root. The latter
case is not possible since, by Lemma 14, if −a2 is a triple root then a ≤ r, which
contradicts one of the hypothesis.
Reciprocally, if there are complex roots, then we use Lemma 30 to conclude that
there is contact. If there is a double root different from −a2 then, by Theorem 27,
there is tangent contact. 
Proof of Theorem 10. As before, we show that the relative positions described in
Table 2 imply the corresponding configuration of roots. Assume a ≤ r henceforth.
(1) Type TIc: it follows from Lemma 19.
(2) Type Ca: it was treated in Lemma 32(1).
(3) Type Td: Lemma 26 shows there is a multiple root. Now, since we can
obtain a Type Td relative position by moving a sphere along a continuous
path from a Type Ca position, the configuration follows. 
Proof of Theorem 11. Assume c2 < ar. Again we argue to proof the necessity of
the root configurations:
(1) Type TEs: it follows from Lemma 16 and Lemma 21 (see also Lemma 24).
(2) Type TEs1: this corresponds to Lemma 23.
(3) Type Cm: it corresponds to Lemma 32(2).
(4) Type TEs2: by Lemma 26 there is a multiple root. As one can move the
sphere along a continuous path from Type Cm to Type TEs2, the roots
configuration follows. 
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